HYPERSURFACES OF CONSTANT CURVATURE IN 
HYPERBOLIC SPACE II. 



BO GUAN AND JOEL SPRUCK 



1. Introduction 



In this paper we continue our study of complete hypersurfaces in hyperbolic space 
jjn+i q£ constant curvature with a prescribed asymptotic boundary at infinity. Given 
r C (9ooH""'"^ and a smooth symmetric function f of n variables, we seek a complete 
hypersurface S in satisfying 

(1.1) mn) = ^ 

(1.2) (9S = r 

where = (ki, . . . , «;„) denotes the hyperbolic principal curvatures of S and a G 
(0, 1) is a constant. 
We will use the half-space model, 

M^+i = {{x,Xn+i) G M"+^ : x„+i > 0} 

equipped with the hyperbolic metric 

^ n+l 

(1.3) ds"^ = ^—^dxf . 

Thus (9ooHI"+^ is naturally identified with M" = M" x {0} C and ([L2]) may be 
understood in the Euclidean sense. 

As in in our earlier work [T2| [6l [9], we will take F = dQ where C is a 
smooth domain and seek S as the graph of a function u{x) over Q, i.e. 

S = {{x,Xn+l) : X Xn+1 = u{x)} . 

Then the coordinate vector fields and upper unit normal are given by 

' -UiCi + e„+i) 



Xi = ei + UiCn+l, \\ = uv = u- 



w 
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where w = a/1 + |VMp. The first fundamental form gij is then given by 

(1.4) g,, = (X„ X,) = 1(5,, + u,u,) = ^ . 

To compute the second fundamental form hij we use 

(1-5) T'Ij = {—SjkSin+l — SikSjn+1 + SijSkn+l} 



to obtain 



(1.6) Vx.X, = (-^ + u,, - -^)e„+i 

■'^n+l 

Then 



:i.7) 



-(5ij + UjUj + UUij) = h 



The hyperbolic principal curvatures of S are the roots of the characteristic equation 
det(/iij - KQij) = u-"det(/i^. -)g^.) = 0. 

Therefore, 

(1.8) Ki = m^ + -. 

We will present other more explicit and useful expressions for the in Section [2l 
The function / is assumed to satisfy the fundamental structure conditions: 

(1.9) /,(A) = >0 inK, 1 < z < n, 

(1.10) / is a concave function in K, 
and 

(1.11) f >0 inK, f = ondK 
where C M*^ is an open symmetric convex cone such that 

(1.12) := {A G M" : each component > O} C K. 
In addition, we shall assume that / is normalized 

(1.13) /(1,...,1) = 1 
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and 

(1.14) / is homogeneous of degree one. 
Since / is symmetric, by fll.lOp . (11.131) and (I1.14p we have 

(1.15) /(A)</(l) + 5^/.(l)(A,,-l) = 5^/;,(l)A. = ^5^A. inK 
and 

(1.16) 5^/,(A) = /(A) + ^/,(A)(l-A,)>/(l) = l ini^. 
Lemma 1.1. Suppose f satisfies U.9\) - [TJ4^ . Then 

(1.17) V/^A,2>^(2/|A,| + /,A2) z/A,<0 

and so 

(1.18) E/A'>^E/A' ^fK<Q. 

Proof. Suppose A^ < and order the eigenvalues with Ai > the largest and A„ < 
the smallest. Then as a consequence of the concavity condition (11.101) we have 

(1.19) /„ > fi for all i and so /„A^ > fAl- 
By (Ol, 

/i-^j = / + /n I An I • 

By Schwarz inequality and (11.190 . 
Therefore, 

Y,f^X^>^{2f\Xn\ + fnXl). 

^-^ n — I 

Using (11.191) this implies 

(1.20) Yl f^^' ^ E f^^^ ^ ^(2/|A„| + fnXl) > -^{2f\Xr\ + frXl) 

^-^ ^—^ n — 1 n — 1 

completing the proof. □ 
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All of the above assumptions f ll.9p -( |LT4|) are fairly standard. In the present work, 
the following more technical assumption is important. 

(1.21) lim /(Ai, • ■ ■ , A„_i, A„ + -R) > 1 + £0 uniformly in i?5„(l) 

for some fixed eo > and 6o > 0, where Bsq{1) is the ball of radius 6o centered at 
1 = (1, . . . , 1) G M". 

The assumption (11.211) is fairly mild. For / = corresponding to the "higher 
order mean curvatures" , where Hk is the k-th normalized elementary function, 

lim /(I + 0{e) + Ren) = oo 



while for / = [Hk^i)''-^ = , k > I, the class of curvature quotients, 

7 1 

lim /(I + 0{e) + Ren) = (1 + Oie)) (j 



Hi 

'k^ 

f{l + U{e] + Ren) = {l + U{£]]{ 

R^oo 

Problem fll.ll) - (ll.2p reduces to the Dirichlet problem for a fully nonlinear second 
order equation which we shall write in the form 

(1.22) G{D^u, Du,u) = a, u>0 in Q C 
with the boundary condition 

(1.23) u = on dn. 

The exact formula of G will be given in Section [2j 

We seek solutions of the Dirichlet problem f ll.22p - fll.23p satisfying k[u] = K[graph(u)] G 
K. Following the literature we define the class of admissible functions 

A{Q) = {u G G\Q) : 4u] G K}. 

Our main result of the paper may be stated as follows. 

Theorem 1.2. Let T = dil x {0} C where is a bounded smooth domain in 

M" . Suppose that the Euclidean mean curvature Tidn > and a G (0, 1) satisfies 
o > (To? where ctq is the unique zero in (0, 1) of 

(1.24) 0(a):=^a+pa3_^(^2^3)f_ 

(Numerical calculations show 0.3703 < ctq < 0.3704.j 

Under conditions U.9\) - [T7J^ and U.21\) . there exists a complete hypersurface E 
in IH"+^ satisfying ( li. j)) -( f7T^) with uniformly bounded principal curvatures 

(1.25) <C onT.. 
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Moreover, S is the graph of a unique admissible solution u G C°°(r2) fl C^{VL) of the 
Dirichlet problem ^.22\) - p^) . Furthermore, G C°°{VL) n C^'^(n) and 



:i.26) 



\/l + \D^ < -, u\D'^u\ <C mn, 
a 

yiT^D^ = - on dn. 
a 

Theorem 11.21 holds for a large family oi f = Yld=i fi where each fi consisting of 

1 

sums and "concave products" (that is of the form (/i ■ ■ ■ /atJ ) where each fi satisfies 
ffnill - fOil) and one of the /; satisfies ^M)- 

By |i2j condition fll.9p implies that equation (11.221) is elliptic for admissible solutions. 
As we shall see in Section [21 equation (11.221) is degenerate where u = 0. It is therefore 
natural to approximate the boundary condition (I1.23P by 

(1.27) u = e>0 ondn. 

When e is sufficiently small, the Dirichlet problem (ll.22l) . (ll.27p is solvable for all 
aG (0,1). 

Theorem 1.3. Let Q be a bounded smooth domain in M" with Tido, > and suppose 
f satisfies U.9\) - [TJ4^ and U.21]) . Then for any a G (0,1) and e > sufficiently 
small, there exists a unique admissible solution u'^ G C°°{VL) of the Dirichlet problem 
U.22^) , ^.27^ . Moreover, satisfies the a priori estimates 

(1.28) ^fl + \Dv^ < - mVt 

a 

C 

(1.29) M^|L>V| < — mVL 



£2 



where C is independent of e. 



We shall use the continuity method to reduce the proof of Theorem 11.31 to obtain- 
ing apriori estimates for admissible solutions. This approach critically depends 
on the sharp global gradient estimate fll.28p , which is carried out in section [3] under 
the assumption Tido. > 0. It implies that the linearized operator of equation (11.22p 
is invertible for all e G (0,1], a crucial condition for the continuity method. The 
centerpiece of this paper is the boundary second derivative estimate, which we de- 
rive in section O Here we make use of Lemma 11.11 and a careful analysis of the 
linearized operator to derive the mixed normal-tangential estimate. Again the sharp 
global gradient estimate (11.280 enters into the proof in an essential way. We then 
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use assumption f ll.2ip to establish a pure normal second derivative estimate. In or- 
der to use Theorem 11.31 to obtain Theorem 11.21 (see the end of section 4 for a more 
detailed explanation), we need a uniform in e estimate for the hyperbolic principal 
curvatures of the graph . Therefore in section [6] we prove a maximum principle 
for the maximal hyperbolic principal curvature using a method derived in our earlier 
paper [9]. It is here that we have had to restrict the allowable range of a G (0, 1). 
Otherwise our approach is completely general and we expect Theorem 11.21 is valid for 
all (J G (0, 1). In section [2] we summarize the basic information about vertical graphs 
and the linearized operator that we will need in the sequel and in section [3] we review 
some important barrier arguments using equidistant sphere solutions. 



2. Vertical graphs and the Linearized operator 

Suppose S is locally represented as the graph of a function u G C'^{VL), m > 0, in a 
domain C M": 

S = G M"+^ : xeVt}. 

oriented by the upward (Euclidean) unit normal vector field v to S: 

-Du 1 



w ' w 

The Euclidean metric and second fundamental form of S are given respectively by 

9ij = dij + u^Uj, h^. = — . 

According to jS], the Euclidean principal curvatures are the eigenvalues of the 

symmetric matrix y4^[u] = {a^j}: 

(2.1) 4, := -Y'u,a'^ 

where 

^ ' ' w{l + w) 

Note that the matrix {7'-'} is invertible with inverse 

(2.3) %j = k + ^ 



HYPERSURFACES OF CONSTANT CURVATURE 7 

which is the square root of {gij}, i.e., ■jik'Jkj = gfj- By (11.81) the hyperbohc principal 
curvatures k[u\ of E are the eigenvalues of the matrix A[u\ = {aij[u]}: 

(2.4) ttij [u]-=^ (Sij + m7^'=mh7'^') • 

Let S be the vector space of n x n symmetric matrices and 

SK = {AeS: \{A) G K}, 
where \{A) = (Ai, . . . , A„) denotes the eigenvalues of A. Define a function F by 

(2.5) F(A) = /(A(A)), AeSK. 
Throughout the paper we denote 

The matrix {F*-'(y4)}, which is symmetric, has eigenvalues /i, . . . , /„, and therefore is 
positive definite for A G Sk if / satisfies f ll.9l) . while fll.lOl) implies that F is concave 
for A G Sk (see [2]), that is 

(2.7) F'^'^\A)i,^iki < 0, V {6,} G 5, A G Sk. 
We have 

(2.8) F'^{A)a,, = Y,U{KA))K 

(2.9) F''{A)a,kajk = J2 

The function G in equation (11.221) is determined by 

(2.10) G{D\, Du, u) = F{A[u]) 
where A[u] = {aij[u]} is given by (12. 4p . Let 

(2.11) C = C'dsdt + G'ds + G^ 
be the linearized operator of G at u, where 

(2-12) = ^,G^ = 1^, = ^. 

OUst OUs OU 

We shall give the exact formula for later but note that 

G^'ust = uGu = F^'aij --Y^F' 



(2.13) ^ 
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and 

(2.14) QPlM .— = _p^jMYS^tj^kp^ql 

dUpqdUst 

where F*-^ = F^^{A[u]), etc. It follows that, under condition fll.Qp . equation fll.22p is 
elliptic for u if A[u] E Sk, while (11.101) implies that G{D'^u, Du,u) is concave with 
respect to D^u. 

For later use, the eigenvalues of {G^^} and {F^^} (which are the /j) are related by 

Lemma 2.1. Let < /ii < . . . < /x„ and < /i < . . . < /„ denote the eigenvalues of 
and {F^^} respectively. Then 

(2.15) wfik < ufk < w^Hk^ 1 < k < n. 
Proof. For any ^ = (^i, . . . , ^„) G M" we have from (12.131) 



where 



Note that 



Si lik^.k Si ~ 



1 + W 



\e<W\' = \^\' + \^-Du\'<w'\^\' 

where ^' = . . . ,^^). Since both {G^^} and {F*-'} are positive, (12.151) follows from 
the minimax characterization of eigenvalues. □ 

3. Height estimates and the asymptotic angle condition 

In this section let S be a hj^ersurface in H"^^ with (9S C P{e) := {xn+i = so 
S separates {x„+i > e} into an inside (bounded) region and an outside (unbounded) 
one. Let Q be the region in M" x {0} such that its vertical lift fi^ to P{e) is bounded 
by dT, (and M" \ is connected and unbounded). It is allowable that Q has several 
connected components. Suppose k[T] G K and /(k) = cr G (0, 1) with respect to the 
outer normal. 

Let Bi = Bji{a) be a ball of radius R centered at a = (a', —aR) G M"+^ where 
cr G (0, 1) and 5*1 = dBi n EI"+^ Then Ki[Si] = a for all 1 < i < n with respect 
to its outward normal. Similarly, let B2 = Bji{h) be a ball of radius R centered at 
h = {b', (jR) G M"+^ with ^2 = dB2 n Then ^^[Ss] = a for all 1 < i < n with 

respect to its inward normal. 

These so called equidistant spheres serve as useful barriers. 
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Lemma 3.1. 

(i) s n < = 

(ii) IfdJ: C Bi, then S C 5i . 

(3.1) 

(m) // Bi n P{e) C n', then fii n S = . 
(if) // B2nn' = 0, i/ien ^2 n S = . 

Proof. For (i) let c = min^.gs a^n+i and suppose < c < e. Then the horosphere 
P(c) satisfies /(k) = 1 with respect to the upward normal, lies below S and has an 
interior contact violating the maximum principle. Thus c = e. For (ii),(iii), (iv) we 
perform homothetic dilations from (a', 0) and {b', 0) respectively which are hyperbolic 
isometries and use the maximum principle. For (ii), expand Bi continuously until it 
contains E and then reverse the process. Since the curvatures of S and Si are calcu- 
lated with respect to their outward normals and both hypersurfaces satisfy /(k) = a, 
there cannot be a first contact. For (iii) and (iv) we shrink Bi and B2 until they 
are respectively inside and outside S. When we expand Bi there cannot be a first 
contact as above. Now shrink B2 until it lies below P{e) and so is disjoint (outside) 
from S. Now reverse the process and suppose there is a first interior contact. Then 
the outward normal to S at this contact point is the inward normal to 5*2. Since 
the curvatures of 5*2 are calculated with respect to its inner normal and it satisfies 
/(k) = 0", this contradicts the maximum principle. □ 

Lemma 3.2. Suppose f satisfies U.9\) . U.ll\) and ([TTT^. Assume that 9S G and 
let u denote the height function of E. Then for e > sufficiently small, 

(3.2) 5 < u ^ — a < 1 5 on oh 

r2 ri rj 

where r^ and ri are the maximal radii of exterior and interior spheres to dVL, respec- 
tively. In particular, z/""*"^ a on 9S as e — > 0. 

Proof. Assume first r2 < 00. Fix a point xq G dVt and let ei be the outward pointing 
unit normal to dVt at xq. Let -Bi,i?2 be balls in i?""*"^ with centers ai = (xq — 
riCi, —Ri<J, a2 = {xq + r2ei, R2<j) and radii Ri, R2 respectively satisfying 

(3.3) Rl = rl + {Ria + ef, Rl = + {R2CT - . 

Then Bir\P{e) is an n-ball of radius ri internally tangent to dQ"^ at Xq while B2r\P{e) 
is an n-ball of radius r2 externally tangent to dQ"^ at xq By Lemma [3.11 (iii) and (iv). 



10 BO GUAN AND JOEL SPRUCK 



5i n E = 0, i = 1, 2. Hence, 



< < at xo . 



R2 Ri 



That is, 



(3.4) - ^ < '^"^^ -(J<^ atxo . 



R2 Ri 



From ([331), 



1 _ ^/{l-a^)rl + e^ -ea VT^^ ^(1 - f^) 
Ri rf + £^ ri ' 

and 

1 _ ^{l-a^)r^ + e^ + ea ^ , e{l + a) 



R2 r| + r2 ' 

These estimates and (13 .4^ give (13.21) . completing the proof of the lemma. □ 



4. The approximating problems and the gontinuity method 

We study the approximating Dirichlet problem 

GiD^u, Du, u) = a in 

(4.1) 

u = e on dVt 

using the continuity method. 

Consider for < t < 1 the family of Dirichlet problems 

G{D^u\Du\u^) = a^ ■=ta + {l-t) in fi, 

(4.2) = e on dVL, 

u' = e. 

For Q a C^^° domain, we find (starting from u'^ = e) a smooth family of solutions 
u^, < t < 2to by the implicit function theorem since Gu\uO = 0. We shall show 
in a moment that these solutions are unique. By elliptic regularity it is now well 
understood that if we can find uniform estimates in for < to < t < 1 then we 
can solve (14. ip . 

By Lemma 13.11 we obtain the C° estimate 

(4.3) £<u^ <G inn. 
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4.1. The estimate. The foUowing proposition shows that we have uniform 
estimates in the continuity method and that the hnearized operator C satisfies the 
maximum principle. 

Proposition 4.1. Let -u* G C'^^°'{Q) be a family of admissible solutions of Iji4-^ for 

< t < t* . Suppose 'HdQ. > 0. Then Guln* < so we have uniqueness. Hence 
assumes its maximum on dVL and < on Q for all < t < t* . 

Proof. We (usually) suppress the t dependence for convenience. By f l2.13p and (11.161) . 

uG^ = a'-^y2f,<a'-\ 

For t = 0, cr° = 1, u° = £, Ki = 1, fi = ^ and so uGu = 0. Note also that 
^(cr* — ;i^|t=o = a — 1 < 0. Hence for t > sufficiently small, uGu < so the 
operator C given by (12. lip satisfies the maximum principle. But Cuk = so each 
derivative Uk achieves its maximum on dfl. In particular, w assumes its maximum 
on dfl. Let G dfl be a point where w assumes its maximum. Choose coordinates 
{xi, . . . , Xn) at with Xn the inner normal direction for dQ. Then at 0, 

Ua = 0, 1 < a < n, Un > 0, Unn < 0, 

and 

'^Uaa = -Un{n - l)Hdn < 0. 
Note that by ( ll.lSp . the hyperbolic mean curvature of graph {u) > a. Therefore, 

--)<-( J2^a. + ^)<-{n- l)^non < 0. 
e\ w/ — ^ w / w 

Hence cr — ^<0 or w<^. Thus Gu < so £ satisfies the maximum principle. 
Consequently, the same estimates must continue to hold as we increase t up to t*. □ 

In Section [5l we will make use of Proposition 14.11 to complete the proof of the 
estimates (see Theorem 15.11 and Corollary 15.81 ). Since the linearized operator is 
invertible, we have unique smooth solvability all the way to t = 1 completing the proof 
of Theorem II. 3[ Using the global maximum principle. Theorem 16. II of Section [6] and 
Theorem 15.11 we obtain uniform estimates for the hyperbolic principal curvatures. 
Note also that by Lemma 13.11 iii, we have a positive lower bound (uniform in e) on 
each compact subdomain of Q for the solutions obtained in Theorem 11.31 This 
allows us to obtain uniform C^^" estimates for on compact subdomains of Q by 



12 BO GUAN AND JOEL SPRUCK 

the interior estimates of Evans-Krylov. We can now let e tend to zero to obtain 



Theorem 11.21 

5. Boundary estimates for second derivatives 

In this section we estabhsh boundary estimates for second derivatives of admissible 
solutions to the Dirichlet problem (14. 2 p for aX\ Iq < t < 1. Clearly it suffices to 
consider the case t = 1. Throughout this section let be a bounded smooth domain 
in M" with Ti^n > 0, and u G C^{VL) an admissible solution of the Dirichlet problem 

{G(D^u, Du, u) = a, on f2, 
u = e, on o\l 

where G is defined in (I2.10p . 



Theorem 5.1. Suppose that f satisfies l{1.9\) - [TU4 ) and M.21\) . If e is sufficiently 
small, 

(5.2) u\D^u\ <C ondVL 

where C is independent of e. 

Recall that in section 4, we proved the global gradient estimate w < ^. In partic- 
ular, e < M < (1 + ^)e in an e neighborhood of dVL, This will be used repeatedly in 
the proof of Theorem 15. II without comment. 

The notation of this section follows that of Section [2l Let C denote the partial 
linearized operator of G at u: 

C' = C-Gu = G^'dsdt + G'ds 
where G^^,Gu are defined in (12.120 and 



(5.3) G- :=^ = -^F"a, - Ip-'aJ^^i^^^^) + Af^,, 

OUg w \ 1 + w / 

by the formula (2.21) in [8], where F'^ = F'^{A[u]) and 

Since F = {F*-'} and A = {aij} are simultaneously diagonalizable by an orthogonal 
matrix P, we have 
(5.4) 

\r^a,k\ = {FA),k = \{P{P'^FP){P^AP)P^)^,\ = \J2 Pjrf r'^rPkrl < ■ 

Hence from (15. 3p and (15.41) . we obtain, 



HYPERSURFACES OF CONSTANT CURVATURE 13 



Lemma 5.2. Suppose that f satisfies l\1.9\) . Iil.l0\) . Iil.l3\) and (TJ^. Then 

(5.5) < ^ + 1 V + 2 V /,|«:,|. 

w w ^-^ 



Since Y''Us = Uj/w, 

(5.6) G'us = (-1 - l) F'^aij - ^F'^a^kUkUj + ^F'^muj. 
It follows from ^M), (EH) and fl27[3|) that 

(5.7) C'u = -^F^'ai, - 1 V - ^F'^a^kU^u, + ^F^'u.Uj. 
Lemma 5.3. Suppose that f satisfies lil.9\) . I^1.10\) . 1^1. 13\) and ([TTT^. Then 

(5.8) C(l --)< -il^^ - -^F^^a,kU,u, tn Q. 
Proof. By (EID, (127[3|) and (iLTill . 

'^f 1 - -) = ^^'^ - -.G^'^sUt + ^^(l - -) 

U \W w ^ — ' / u u w 

Since Gu < by Proposition 14.11 (15. 8p now follows from (11.161) . □ 

We now refine Lemma 15. 31 For the symmetric matrix A = 74[n] we can uniquely 
define the symmetric matrices (see fl3]) 

(5.10) \A\ = {AA'jK A-'=^-{\A\+ A), A'=^-{\A\- A) 

which all commute and satisfy A'^A~ = 0. Moreover, F = {F*-'} commutes with 
l^l, A^ and so all are simultaneously diagonalizable. Write A^ = {afj} and define 

(5.11) L = C-^^r^a-u,d,. 

Lemma 5.4. Suppose that f satisfies ( li.gj) . ( li.iOj) . 1^1. 13\) and ([TTTTy. Then 

(5.12) Lfl-i) <-^i^yF^^ ^nQ. 

Proof. Since {F^^} is positive definite and simultaneously diagonalizable with A^, 

Therefore, 

(5.13) F'^aikUkUj = F'^{a^^ - aT^)ukUj > -F'^a^f^UkUj 
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Combining f l5.13p and Lemma [5.31 we obtain fl5.12p . □ 

The following lemma is stated in |[4j; it applies to our situation since horizontal 
rotations are hyperbolic isometrics. For completeness we sketch the proof. 

Lemma 5.5. Suppose that f satisfies U.9\) . U.10\) . U.13\) and ^1.14\ )- Then 

(5.14) C{xiUj — XjUi) = 0, Cui = 0, 1 < i, j < n. 

Proof. Without loss of generality we may assume i=2, j=l. Let R{0) be the or- 
thogonal n X n matrix with entries rn = = cos 6, ri2 = —r2i = — sin 6', r^i = 
6ki for 3 < /c, Z < n. Let y = Rx and v{y) = u{x). Then since rotations in xi, . . . ,Xn 
are hyperbolic isometrics, v(y) satisfies 

(5.15) G{DMy),Dv{y),v{y)) = a , 
where 

(5.16) v{y) = u{R^y), Dv{y) = RDu{R^y), D\{y) = R{D\{R^y))R^ . 

We differentiate fl5.15p with respect to 6 and evaluate at 6* = 0. With the obvious 
notation, we obtain 

(5.17) G'''vM + G'vs + GuV = 

Using f l5.16p and the definition of R, we compute 

dx ■ 

V = Ui-^\e=o = Uirpi{0)xp = X2U1 - X1U2 , 
Vs = rsi{0)ui + rsi{0)uijrpj{0)xp = X2U1S - XiU2s + Ui5s2 - ^^2^51 = (3^2^! - XiU2)s , 

Vkl = SkiSljUijmrnm{0)Xn + {uuTkiiO) + Ukflj^Q)) = {X2U1 - XiU2)kl ■ 

Hence C{y) =0 as stated. The statement C{ui) = is left to the reader. □ 

Proof of Theorem 15. ii Consider an arbitrary point on which we may assume to 
be the origin of M" and choose the coordinates so that the positive x„ axis is the 
interior normal to dVt at the origin. There exists a uniform constant r > such that 
dVt n -Br(O) can be represented graph 

(5.18) Xn = p{x) = ]^^ BapXc,Xp + 0{\x'\^), X' = {Xi,. . . ,Xn-l). 

a,/3<n 

Since u = e on dQ, we see that u{x', p{x')) = e and 

(5.19) Ma/3(0) = -UnPaP a, (3 < U. 
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Consequently, 

(5.20) \uaf3i0)\ < C\Du{0)\, a,p<n 

where C depends only on the (Euclidean maximal principal) curvature of dfl. 
As in [1] we consider for fixed a < n the operator 

(5.21) Ta = da + '^ Bapixpdn - Xndp). 

I3<n 

Using Lemma 15.51 and the boundary condition u = e on dVL we have 

CTaU = 0, 

\T^u\ + ^^u^ <C in fin B,{0) 

Kn 

\Tau\ + - J]] < C\x\^ on dQ n 5,(0). 



(5.22) 



2 

Kn 



Now define 



2 ^l„|2 



l<n 



£2 



\X\ 



where C is chosen large enough (independent of e) so that < on d{Q fl 
This is possible by f l5.22p . 

By ([53]), (Km . (127[3D and Lemma O 

(5.23) ^(I^>Y1 ^''"'i^'i - - ( 5Z + ^^I'^^l) ^ ^ ^=(0)- 

l<n 

Following Ivochkina, Lin and Trudinger pl)j we have 
Proposition 5.6. At each point in QCl -Be(O) there is an index r such that 

(5.24) J2 ^ E /^«)' ^ z^'^' - ^ E 

i<n i^r i^r 
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Proof. Let P be an orthogonal matrix that simultaneously diagonalizes {F^^} and A'^. 
By (12131) and fl2lll . 



l<n 



■ UW 



(5.25) 



5^ G'^uuui, =-Yl F''ri'%iUij 

<n 
l<n 
l<n 



: UW 



■- UW 



l<n 



where B = {brs} = {Pirlis} and det B = det(i?^ 



w. 



Suppose for some i, say i = 1 that 



l<n 

Expanding det B by cofactors along the first column gives 

1 < = det 5 = biiC^^ + ... + iC^""^ + 6„i det M < Ci9 + Cs det M, 

where the C^-' are cofactors and M is the n — 1 by n — 1 matrix 

bi2 ... bn-l 2 



(5.26) 



M 



h h 
S'ln • • • "71—1 n. 



So det M > . Now expanding det M by cofactors along row r > 2 gives 



det M < C3 ( ^ 6; 



, l<n 



by Schwarz inequality. Hence 
(5.27) 



C2C3 



Choosing < <^7FJ\ and fl5:25|) imply 



G'^uiiUij > cqu ^fii^iY for some r. 



Finally using = :^(«i - ^), (15.241) follows. 



□ 
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Proposition 5.7. Let L he defined by (15.111) . Then 

for a controlled constant Ci independent of e. 
Proof. By the generalized Schwarz inequality , 

K,<0 

where we have used Lemma [2. II to compare uF'^^(f)i(j)j to G^^ (piipj. 
Since (recall ffCT) ) 

using (I5.28p . (15.231) . Proposition 15.61 and Lemma [LT] we have 

(5.29) ''^<^ 

for a controlled constant Ci independent of e. □ 

Let h = {e'"^^ 1) ^ ^(1 "~ ^) with Ci the constant in Proposition 15.71 and A large 
compared to Ci. By Proposition 15.71 and Lemma [5.41 

h<0 on (9(r] n 5^(0)) 

and 

Lh>0 inQn 3^(0). 

By the maximum principle /i < in f2 fl -Be(O). Since h{0) = 0, we have /i„(0) < 
which gives 

(5.30) < 7^Wn(0). 

L/i£ 

Finally, |Mnn(0)| can be estimated as in |9j using hypothesis (11.211) . For completeness 
we include the argument here. We may assume [^^/^(O)], 1 < a, /? < n, to be diagonal. 
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Note that Ua{0) = for a < n. We have at x = 



A[u] = - 
w 



1 + uuii 
1 + UU22 



W 



UU„2 
W 



W 
UU2„ 



1 + 



By Lemma 1.2 in [2], if eunni.^) is very large, the eigenvalues Ai, . . . , A„ of A[u\ are 
asymptotically given by 



Aq, = — (1 + euaa{^)) + 0(1), a <n 



(5.31) 



w 



_eM„„(0) / 

An — ^ I -L 



o 



By ( I5.20p and assumptions fll.l4p . (ll.2ip . for all e > sufficiently small, 

. = iF(u>AM(0))>i(l + |) 

if eUnniS^) > R where i? is a uniform constant. By the hypothesis fll.2ip and Propo- 
sition 14.11 however. 



(7 > -flH 

w \ 

which is a contradiction. Therefore 



^^0 



e\Unnm <R 



and the proof is complete. 



□ 



Applying the maximum principle for the largest principal curvature /tmax obtained 
in Theorem 5.2 of [9] we obtain 

Corollary 5.8. Let Q be a bounded smooth domain in M" with T-Cqq > 0, and u e 
C^{Q)nC'^{Q) an admissible solution of problem liS.l]) . Suppose that f satisfies U.9\) - 
(TJ^ and 1^1. 21\} . Then, if e is sufficiently small, 



(5.32) 

where C is independent of e. 



C — 

ulD'^ul < — in Q 



Note that Corollary 15.81 suffices to complete the proof of Theorem 11.31 but that we 
cannot use it to pass to the limit as e tends to zero. In the following section we 
address this problem. 
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6. Global estimates for second derivatives 

In this section we prove a maximum principle for the largest hyperbolic principal 
curvature Kmax(a^) of solutions of /(k[-u]) = a. We make extensive use of our previous 
calculations in Section 5 of [9]. 

Let E be the graph of u. For x G let Kmax(a;) be the largest principal curvature 
of S at the point X = {x,u{x)) G S. We define as in |4], 

= max 



xen T] — a ' 



where rj = = e ■ z/ is the upward (Euclidean) unit normal to S and inf rj > a > a. 



Theorem 6.1. Suppose that f satisfies U.9\) - llil.l4\ l ^''^d a G (0, 1) satisfies o > ctq? 
where ctq is the unique zero in (0, 1) of 

(6.1) 0(a):=^a+^a3-^(a2 + 3)i. 

Let u G C^{VL) he an admissible solution of (15.11] such that z/""*"^ = ^ cr. Then at 
an interior maximum of Mq, 

C 



a - ao 

where C is independent of e. Numerical calculations show 0.3703 < (Tq < 0.3704. 

Proof. Suppose Mq is attained at an interior point xq G f2 and let Xq = {xq,u{xq)). 
After a horizontal translation of the origin in M""*"^, we may write S locally near Xq 
radial graph 

(6.2) X = e^z, z G S'^ C M"+^ 

with Xo = e'"^^°''zo, zq G , such that iy{Xo) = zq. Note that the height function 
u = ye^, and upward unit (Euclidean) normal is = ^^^^ where y = e ■ z and 
w = {1 + \'Vv\'^)^ . (Here e is the vertical unit vector pointing upwards.) Hence 

_ y-e-Vv 
' w 

We choose an orthonormal local frame ri, . . . , r„ around Zq on S'^ such that Vij = 
Vr^ Vri^^ is diagonal at zq, where V denotes the Levi-Civita connection on S". As 
shown in Section 2.2 of [9], the hyperbolic principal curvatures of the radial graph X 
are the eigenvalues of the matrix A^[v] = {a^j[v]}: 

(6.3) a^^[v] := -{yY'v.n'^ - e ■ Wv6,,) 

w 
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where 

^ w{l + w)- 

We can then rewrite equation (15. ip in the form 

(6.4) F{A'[v]) = a. 

Henceforth we write A[v] = A^[v] and = afj[w]. 
Since z/(Xo) = zq, Vt'(zo) = and hence 

(6.5) ttij = yvij = KiSij 

at Zq by (16.31) . where the principal curvatures of S at Xq. 

We note that at zq 

Hi = Vj(e ■ z) = e ■ VjZ = e ■ 

(e ■ Vf )fc = e ■ VikTi = UiVik = ykVkk 
y-e-Vv 

(6.6) w 

aij,k = yvijk + ykiyu - Vkk)Sij 

^ijk '^ikj "^kij 

y{aii,i - an^i) = yi^Ki - Ki) 

We may assume 

(6.7) Ki = Kma.x{Xo). 

The function which is defined locally near zq, then achieves its maximum at zg. 
Therefore at zq, 

(6.8) f^lL.) =0, l<t<n 

\r] — aJ i 

and 

(6.9) y\y - a)F''an,^^ - y^K,F%, = y\y - afP' < 0. 
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The left hand side of (16.91) is exactly calculated (these calculations are long) in 
Proposition 5.3 and Lemma 5.4 of [9] (with (p = rj) and yield 

a{y - a)Kl+aKi^fiKf + (a - 2(1 - y'^){y - a))Ki^fi 
(6.10) <2afi:i + ^^/i(/€,-a)y2 



2a?K\ y--^ fi — fl, \2 2 

^-^ K,i — K,» 



where a = ^^-r^^r^- We note only that differentiation of the equation (16.41) twice 
gives 

(6.11) y\y - a)F''au,n = -y\y - a)F'^'''a^,,iaki,i 
and the last term in (I6.10p comes from this "concavity term" 

(6.12) - y\y - a)F^^'^'a,j,,au,i > 2{y - a) A:iA(^aa,i)2 

i=2 '^^ 

where, since (^i^)i = 0, that is an^j = ^r^^^j, we find using (16. 6p 

y-a a{y-a) 

We also recall the identity 

which has been used in (16.101) . which follows from 

yi = Vi(e ■ z) = e ■ r^ande = ^(e ■ rj)rj + yz . 
It was shown in Section 6 of [H] that the coefficient 7(1/) of Ki ^ fi in (16.101) . namely 

(6.13) 'j{y)=a-2{l-y'){y-a) 
satisfies 

(6.14) 7(y) >^a- ^a' - ^(«' + 3)^ > on (a, 1) 

if > |. Therefore the terms on the left hand side of (16.101) are all positive and 
we have one term of order The only "dangerous" term on the right hand side 
of (16.101) is the second one and we may throw away those terms in that sum where 
Ki < a. Thus we need only concern ourselves with 

I = {i : Hi > a > a}. 
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Fix 9 G (0, 1) to be chosen later and let 

J = {^eI■.h<eu}, 

K={iel:h>eh}. 

Then 

(6.15) aKi ^ fiK^^ > a^Ki ^ fi 
and 

(6.16) Y] fi{Ki - a) y1 - anlfi < kI{^ - aKi)fi < 0, 

provided ki > ^. On the other hand by Cauchy-Schwarz (or completing the square), 

fi{K, -a)y^ > {Ki - a) 

aiy — a) ^-^ k-i — k,- 



(6.17) 



< 



a{y-a){l-y'^) 
4(1 -9)a 



8{l-e)a 

Combining (KTUh . (KTEt) . (16A6|) and (16T7D we obtain 

(6.18) a{y - a)Kl + (f)e{y)Ki'^fi <2aKi 

where the coefficient of ki fi (I6.18P is 

My) = i{y) - + a\ 

Note that by (lOll . 

My) = \{i{y) + \cc' -l) 

(6.19) > -{la - -a^ - -{a^ + 3)t + -a^ - -} 
^ ^ 4^3 27 27^ ^ 5 5^ 

= 3^+— a^-— (a2 + 3)2 =: 0(a). 

For a G (0, 1) it is easily checked that 0'(a) > 0, 0(0) < 0, 0(1) > 0. Let do be the 
unique zero of 0(a) in (0, 1). Numerical calculations show that 0.3703 < ctq < 0.3704. 
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Now assume that 2eo := a — ao > and choose a = ao + Eq. Then (peiv) > on 
(a, 1) if 6' > is chosen sufficiently smalL By Proposition I4.H y — a>a — a>eoa.t 
zq, so by (16. 181) (assuming ki > ^) we obtain eo^i < 2/ti. Hence 

Ki <2max|^,— I =4max|— -, — - — | 

and so (since t] — a < 1) 



Ki(zo) f 1 1 

maxKmaxUC < < omax 



x£n So l6'((T^-o-o) (o'-o-q) 

completing the proof of Theorem I6.1[ □ 
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